Low-frequency analytical solutions have been obtained for phase velocities of symmetrical fluid waves within both an infinite fracture and a pipe filled with a viscous fluid.
INTRODUCTION
We consider and compare propagation of a fundamental symmetrical mode (wave) for two model geometries: a fracture and a pipe, both infinite along the symmetry axis, filled with viscous fluid, and surrounded by an unbounded elastic medium. The importance of this fluid wave is a well established fact for boreholes (tube wave) and supported by recent numerical modeling results for fractures (Korneev et al, 2009; Feihner and Schmalholz, 2009; Derov et al., 2009; Bakulin et al, 2008) , indicating the dominant role of this wave in wave propagation.
In Korneev (2008) , it was found that in fractures filled with viscous fluid, a fluid wave can propagate in both the Stoneley guided wave (Paillet and White, 1982) and the Biot slow wave (Biot, 1956ab) regimes. For both of these regimes, the fluid wave is dispersive, but its dependence on model parameters is significantly different. While in the Biot regime the dispersion exists only in viscous fluids and does not depend on wall elastic parameters, the Stoneley guided wave is dispersive, even for zero fluid viscosity, and depends on the wall's shear modulus. Relationships between these two regimes remained unclear: What are the conditions of their existence? What is the difference between fractures and pipes in fluid wave propagation? Hereafter, we refer to a channel when addressing fluid-containing parts for both geometries, which is a useful notation for discussion of similarities and differences between them. In this paper, we obtain such conditions for the abovementioned regimes and show that at a limit of small channel thickness, there also exists a diffusive narrow channel propagation regime, which differs from the Biot regime in its dependence on model parameters.
THEORY FOR A FRACTURE Previous Work
The Stoneley guided wave, which propagates in a fluid layer bounded by elastic walls, was first obtained as a mathematical result by Krauklis (1962) . Paillet and White (1982) rederived this solution when comparing waves in a borehole and its 2D analog. Their solution has an implicit form as a fundamental symmetric mode that propagates along the fracture with a velocity that approaches zero at zero frequency. Ferazzini and Aki (1987) applied this solution to explain low-frequency tremors observed before volcanic eruptions.
Fluid-filled fracture waves also have been investigated both numerically and in laboratory studies to explain volcanic tremors and monitoring of hydraulic fracturing (Chouet, 1986 (Chouet, , 1988 Ferrazzini et al., 1988; Tang and Cheng, 1988; Goloshubin, et al., 1994; Groenenboom and Falk, 2000; Groenenboom and van Dam, 2000; Groenenboom and Fokkema, 1998) , Slow fluid waves are essential for generating tube-wave reflections from intersecting fractures (Hornby et al., 1989; Kostek et al., 1998 a, b; Derov et al., 2009; Ziatdinov et al., 2006) . The high amplitudes of such waves make the solution of relevant problems rather simple, because we can ignore most other types of waves without compromising the result. The energytrapping ability of such waves illustrates the distinctive feature of fluid-filled fractures, specifically their waveguide-like capability of transporting energy. Propagation of the Stoneley guided waves in a fracture filled with viscous fluid was described in Korneev (2008) .
In the latest developments regarding the subject, Frehner and Schmalholz, (2009) modeled these waves for intersecting fractures using a finite-element method, and Korneev et al. (2009) compared analytical results with those obtained using OASES software.
Fluid Waves in a Fracture
Here, we consider all low-frequency symmetrical fluid waves using the results from Korneev (2008) , but change some notations to make them uniform with a similar problem for a cylindrical pipe-also a subject of this paper. A symmetric model consists of the layer 2 h z h    2, filled with viscous fluid between two homogeneous elastic half-spaces comprised of the same material. (We provide only the necessary expressions here; more details can be found in Korneev [2008] .) The index 1 j  indicates the parameters and fields related to the viscous fluid layer, while index 2 j  indicates the values related to elastic halfspaces.
In both media, the relations between the body wave velocities and media parameters are the same: a longitudinal (P-) wave propagates with velocity
and a shear (S-) wave with velocity
expressed through Lame constants j
 P , which is the most common case for rocks at depth.
The linearized equation of motion for compressible viscous fluid takes the form (Korneev, 2008) :
Approximating in Equation 15 the function 11 by the truncated Taylor series of the coth
we get the cubical polynomial equation
for determining v f .
Equation 17 contains three parameters, all of which are velocities with the forms (Korneev, 2008 ): (1 ) ,
(A low-frequency Stoneley wave velocity in a fracture filled with non-viscous fluid, where 
(a P-wave velocity in the fluid from equation 4. Equation 17 has three roots, which can be explicitly found using the Cardano formula (Abramowitz and Stegun, 1972) . Among these three roots, only one has a positive real part and therefore describes a physical wave.
However, the structure of equation 17 allows for finding its asymptotic solutions in a straightforward way.
If the second term in equation 17 is much smaller than the first term, then
and 3 0 2
which after simple algebra is equivalent to
If in Equation 21
,
where viscous skin
is much smaller than fracture thickness, the elastic forces dominate viscous ones and fluid
propagates in the Stoneley regime. This regime exists for "thick" fractures and/or low fluid viscosity.
then viscous forces are taking over, and 2 2 2 2 3 3 2 v 12
which was called a "thin" fracture regime in Korneev (2008) , or a "narrow channel" regime of the fluid wave.
If in equation 17, the second term dominates over the first term, then
and such term relationships mean that 3 0 2
which is equivalent to
exactly the opposite result of inequality 23.
At low frequencies (inequalities 27) equation 29 gives
which is a propagation in a Biot regime, when interaction of the fluid wave with the fracture walls occurs exclusively through viscous friction forces.
At high frequencies, (inequalities 23), equation 29 gives
which is a propagation of body P-waves in the fluid.
Inequalities 23 and 31 mean that for any parameter set, a wave propagation regime corresponds to a regime with the slowest velocity. The regime change occurs when
Thus, when 
for a transitional frequency T  that separates different propagation regimes.
For thick fractures and small viscosities, when 2 2 3 2 2 1 6
(1 )
a transition between Stoneley and Biot regimes takes place, and equation 36 becomes 3 2 2 (1 )
If the inequality sign in 37 is reversed, then 
12
and the transition occurs between the Biot and narrow channel regimes. We will discuss these results together with similar results for a pipe which is the subject of the next section.
NUMERICAL RESULTS FOR A FRACTURE

THEORY FOR A PIPE Previous Work
Fluid-filled boreholes are one of the most important signal-carrying channels in prospecting geophysics, and the literature on the properties of borehole fluid waves is quite extensive (White, 1983; Burridge et al, 1993 , Schoenberg et al 1981 , Cheng and Toksoz, 1981 Chang et al, 1988; Haddon, 1989 , Norris, 1989 . Tube waves are used for permeability logging, fracture detection, reservoir monitoring, and borehole integrity testing.
The similarity of Stoneley (tube) and Biot slow waves has been noted (Chang et al, 1988 );
Norris (1987) even described the tube wave as "a limiting case of the Biot slow wave." In poroelastic theory (Biot, 1956b) , it is assumed that on a pore scale the channel walls are rigid, and that a fluid wave in a cylindrical pipe is a core model for fluid-solid interaction. In reality,
however, values of liquid rigidity are comparable with those of elastic rocks, and therefore wall-rigidity assumptions needs to be evaluated, as was done for the case of fractures in the previous section. Here we revisit the problem of low-frequency wave propagation in a cylindrical pipe filled with viscous fluid and demonstrate the existence of a "narrow channel"
regime at nanoscale levels, in addition to the Biot and Stoneley low-frequency regimes.
Fluid Waves in a Pipe
We are interested in the low-frequency properties of purely symmetric fluid waves propagating along a thin cylindrical well (or a pipe) filled with viscous fluid. Outside of the cylinder with radius R, the medium is elastic. In the following, index 1 j  refers to fluid, while index 2 j  denotes the elastic medium. Here, we also use notations introduced in equations 1-8.
It is assumed that longitudinal (P-) and shear (S-) waves in both media of the pipe satisfy welded boundary conditions at the pipe wall, providing continuity for stresses and displacements. (Mathematical formalism and the main expressions for wave propagation problems with cylindrical symmetry are presented in Appendix A.) The pure symmetry of the problem leaves only m=0 in the field expansions. As a result, the propagation velocities v f of the fluid waves can be found as the roots of the determinant
Velocity v f is directly related to propagation wave number through the expression
and the functions 1  , 1  , 2  , and 2  have the expressions
where is the Bessel function, and is the Hankel function of the second kind.
For small arguments, 1 Z  , the following asymptotic expressions
can be used. 
Note that according to the equations 42, the ratio 
which is the same as in the fracture case. 
which can be put in a form of a cubic polynomial with respect to , and solved explicitly using Cardano formulas. For the small viscosity 2 z k  , the expression in square brackets must approach zero, and we obtain
which for zero viscosity gives
the velocity of the Stoneley (tube) wave (White, 1965) 
Introducing a dimensionless real parameter
that determines the main component in the denominator of equation 51, we find that when , then the module of the square of the coefficient for is much larger than the module of the last term. Thus, for from equation 51, we obtain 
which describes the "narrow channel" propagation regime in the pipe.
Equations 46, 53 and 55 describe propagation of the diffusion waves.
NUMERICAL RESULTS FOR A PIPE
The main idea behind the numerical study of a pipe is the same as for the case of a fracture, which requires evaluating the validity of different propagation regimes for realistic It has a diffusion type of propagation and quickly dissipates. This is a generally a rather slow wave, but it can be faster than the other fluid wave, depending on the parameters.
The relationship of solutions representing both the Biot propagation regime and the Biot slow wave in poroelastic theory follows from the similarity in asymptotic expressions for these waves at low frequencies, as well as from assumptions used for deriving dynamic poroelastic equations. Section 2 of Biot (1956b) considers the oscillatory flow of fluid between two rigid parallel walls, which is the same problem for the Biot solution in an infinitely-stiff fracture considered in Korneev (2008) using a somewhat different technique.
Section 3 of Biot (1956b) solves the analogous problem for a cylindrical tube (see Appendix C). Then, Biot calculates a friction force acting between fluid and elastic skeleton using "the assumption that the variation of friction with frequency follows the same laws as found in the foregoing for the tube of uniform cross section" (page 182). Therefore, at pore scale, the elasticity of pore walls in Biot's theory is neglected, and it operates on a macro level only, where the effects of numerous pores are evaluated. At low frequencies, the solutions for the Biot slow wave (equation C1), and Biot regimes for the fracture (equation 32) and a pipe (Equation 53) have the same dependence on frequency, permeability, and fluid viscosity, in the form
where V is some velocity not dependent on any parameters under the radical,  is permeability of the porous media, A Stoneley wave propagation regime is very different for the considered geometries. In a pipe with a large radius (or in absence of viscosity) at low frequencies, the Stoneley wave has virtually no dispersion propagating as a tube wave. By contrast, in a fracture, the Stoneley guided wave has a strong dispersion. In a pipe, the Stoneley wave regime converts to a Biotwave regime quite rapidly, as soon as the condition
is valid. (Strictly speaking, the wave described by equation 53 is not quite a Biot wave because of the Stoneley correction factor.). In a fracture, the Biot wave regime can be achieved for severely contracting cases only when fluid is in a gaseous state. A quite common derivation of the Biot solution occurs when the rigidity of the walls is placed at infinity (e.g., Chang et al., 1988) . Such an assumption cannot be justified from the physical point of view.
Indeed, common densities and shear-wave velocities for known rocks differ from density and sound wave velocity in water by a factor of 2-3, which is far from the high-contrast assumption between the channel walls and the fluid. Such a contrast can be achieved by applying the theory to a gas only, but this restriction is too severe for poromechanic applications.
Besides having some aforementioned similarity, the narrow channel regimes described by equations 28 and 55 differ in their dependence on fluid viscosity is different. In a fracture, this regime starts relatively quickly as the fracture thickness decreases, while for realistic parameters in pipes, it takes place surprisingly at nanoscale level at seismic frequencies.
Moreover, for liquids, wall rigidity is always a factor affecting wave propagation.
The considered problems had just one fluid-channeling element, which is taken as infinite in one or two directions. Real rocks contain a wide variety of pores and fractures that can intersect, and are distributed in sizes and shapes that provide conditions for different fluid wave regimes. The fractal character of fracture and pore distribution in real rock suggests a rapid increase of their numbers for decreasing scales Diffusion waves are slow and propagate short distances, but both the numerousness of small-scale channels and reflection-refraction on heterogeneities, where diffusion waves can directly impact boundary conditions, can possibly make significant contributions to overall wave propagation. (Accurate consideration of all wave propagation effects in such media is a very complex problem, which is beyond of a scope of this study.)
The hydrogeology results provide strong evidence that fractures play a key role in rock permeability. Permeability was measured for a wide range of scales in a number of comprehensive studies for a variety of geologic environments (Clauser, 1992; Neuman, 1994; Shultze-Makuch et al., 1999; Shultze-Makuch and Cherkauer, 1998; and Gelhar, 1993) .
Typically, five-orders-of-scale increase corresponds to 5-7 orders of permeability increase, suggesting the dominant role of fractures in fluid flow at field scales.
This study does not directly address the attenuation of fluid waves in channels. This is for several reasons. Such attenuation in fractures was computed and discussed in Korneev (2008) and Korneev et al. (2009) . In Biot and narrow channel regimes, wave propagation describes diffusion processes that have well-known attenuation processes. General low frequency asymptotics representing solutions of cubical polynomials 17 and 39 have explicit forms and allow a simple computation of complex velocities (and, therefore, attenuation) for any chosen parameter set.
CONCLUSIONS
Analytical solutions have been obtained for the phase velocities of fluid waves within both an infinite fracture and a pipe filled with a viscous fluid at low frequencies. Two fluid waves can co-exist in such objects: diffusive wave propagating with shear-wave velocity in the fluid, and a general fluid wave that can propagate in different regimes depending on object parameters. These include Biot, Stoneley, and "narrow channel" wave regimes. Computations for realistic rock parameters suggest that for pipes, the most common regime is the Biot slow wave, while for fractures. it is the Stoneley (guided) wave. 
APPENDIX A Cylindrical vector system
The cylindrical vector system used in this paper was introduced by Korneev and Johnson (1993) . Use of those vectors makes expressions for the Lamé equation especially simple since they thoroughly imply a special symmetry of the problem. They allow formulation of wave propagation problems in displacements, avoiding the potentials.
The cylindrical vector system has the form (1 ) ( ) 1 2(1 )
